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Abstract 

We study short intervals which contain an "almost square" , an integer 
n that can be factored as n = ab with a, b close to y/n. This is related 
to the problem on distribution of n 2 a (mod 1) and the problem on gaps 
between sums of two squares. 

1 Introduction 

For any a > 0, there is a perfect square in the interval [a 2 , (a + 1) ], namely 
([a] + l) 2 where [x] stands for the greatest integer smaller than x. Thus, for 
x > 0, the interval [x, x + 2y/x + 1] always contains a perfect square. Instead of 
perfect squares, we can look for integer n that can be factored as n = ab with 
a, b close to y/n. We formulate the question as follow: 

Question 1. For < 9 < 1/2, what is the least f(0) such that, for some 
C\,C2 > 0, any interval [x — c\x^ e \x + C\X^ e ^] contains an integer n with 
n — ab, and a, b are integers in the interval [x 1 / 2 — C2X 6 , x 1 / 2 + C2x e ] ? Note: c\ 
and C2 may depend on 0. 

We call such an integer n an "almost square" as it can be written as a product 
of two integers about y/ri, with small error 0(n e ). Clearly, / is a non- increasing 
function and < f(9) < 1/2. Furthermore, we have 

Theorem 1.1. F or < 9 < 1/4, f(9) = 1/2. 

Theorem 1.2. For < 9 < 1/2, f{9) > 1/2-9. 

In fact, one suspects the following 
Conjecture 1.1. For 1/4 < 9 < 1/2, f{9) = 1/2-9. 

Towards Coniecture ll.il we have 
Theorem 1.3. /(1/4) = 1/4. 

Conditionally, we have 



Theorem 1.4. Assume Conjecture \4-!^\ on a certain average of twisted incom- 
plete Salie sum. For any e > 0, f(9) < 1/2 - 9 + e for 1/4 < 9 < 3/10. 



1 



Notations: {x} := x — [x] is the fractional part of x. \\x\\ := min; e z \x — l\ 
is the distance from x to the closest integer. f(x) = 0{g(x)) or f(x) <C g(x) 
mean |/(x)| < Cg(x) for some constant C > 0. f(x) x g(x) means g{x) <§C 
f(x)<g(x). 

Our study is based on two ideas. First, 

*_(^_^.) (4* + »-)_(!+.)• _(»-)' (1) 

which transforms the problem on factoring n — ab into representing n as the 
difference of two squares. Hence, for any x, we wish to find ab = (^4p) 2 — {^r) 2 
close to x with a, 6 close to ^fx. In other words, we want x + (^y l ) 2 close to 

(^4p) 2 , or equivalently, ^rr + (^p) 2 close to Now suppose that 6 - a is 

an even integer and d = Thus, we transform Question [I]to 

Question 2. Find integer < d < C2X e such that \/x + d 2 is close to an integer. 
The second idea is the use of Taylor's expansion: 

/ ^ r- I & ^\ d 2 „/d 4 \i _ d 2 d 4 \ , . 

This draws connection to the famous problem on the distribution of n 2 a (mod 1). 
In our situation, a — t^tj and < n < cix e . The reader will see the reason 
for using Conjecture 14.21 in section 01 It may be worth mentioning here that 
the 3/10 in Theorem 1 1.41 is due to the error term in @ and, ignoring this error 
term, Friedlander and Iwaniec's method in [5] only works for 9 up to 1/3. 

Furthermore, from |JI]|. one may wonder if our problem is related to gaps 
between sums of two squares. In fact, using the same argument on \J x — d 2 
instead of V% + d 2 , we have 

Theorem 1.5. Assume Conjecture \4-S\ For any e > 0, there exists some 
constant c > such that, for any x > 1, the interval [ i J+e ] always 

contains an integer which is the sum of two squares. 

In general, the same method gives similar result on gaps between values 
represented by a binary quadratic form. This can be done simply by completing 
the squares or using to transform a binary quadratic form into the form 
AX 2 + BY 2 (Note: One may need to impose certain restrictions on the ranges 
of the variables when the quadratic form is indefinite). 
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2 < < 1/4 and Lower bound of / 

Proof of Theorem ll.il Let < 9 < 1/4 and c > 0. It suffices to show that there 
exists arbitrarily large x such that \x — ab\ ^ x 1 ! 2 for all integers x 1 ! 2 — cx 6 < 
a < b < x 1 ! 2 + cx e . Now, consider any large x with {v 7 ^} = 1/4- By (JIJ and 
triangle inequality, 



\x — ab\ > 

> 



b + a 



- c 2 x 28 
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>-Jx- (fx™ > 
~4 

Therefore, /(6>) > 1/2 for < 9 < 1/4 which gives the theorem as f{9) < 1/2 
from consideration of perfect squares. 

Proof of Theorem ll.2l For large x and x 1 / 2 — cx e < a,b < x 1 ! 2 + cx 6 , there 
are at most 4c 2 x distinct integers of the form ab in the interval [x — cx 
Hence, there is a gap of size at least 



1/2+9 



,35 



CX 



1/2+8 



1/2-0 



4c 2 



„20 



4c 



between two consecutive integers of the form a&. Now, pick y as the mid-point of 
this gap, then [y — j^y 1 / 2 ^ 6 ,y + jj^y 1 ^ 2 ^ 6 ] is an interval containing no integer 
of the form ab where y 1 / 2 — |y e < a, b < y 1 / 2 + |y e . Since c is arbitrary and y 
can be arbitrarily large, we must have f(9) > 1/2 — 6. 



3 0=1/4 and Conjecture EU 

From now on, we shall focus onl/4<6*<l/2as the case < 9 < 1/4 is settled 
by Theorem ll.il 

Proof of Theorem 11.31 Consider the sequence S = {y/x + d 2 } cx e <d<2cx o ■ 
The distance between successive elements of S is 

2d + 1 d c 



yjx + (d+ l) 2 - \Jx + d 2 = 



s/x + (d + l) 2 + VxTd 2 x 1 ^-^- 



Since there are cx e + 0(1) of these d's, the distance between the first and last 
elements of S is 

„ C 2 20-1/2 ^ i 

x ca; ^T/23e = c x > 1 

when 6* > 1/4 and c > 1. Hence, for some cx < do < 2cx e , 



42 V ' c 



X + d 2 \\ < 77^ a < 



2-1/2-0 - 2-1/4 ' 
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Thus, for some integer D, 

+ d 2 -D\^ ' 



"0 "\ ^ ^1/4 



\x + d 2 -D 2 \ < cx 1/4 
\x - (D - d )(D + d )\ <Z cx 1/4 . 



Note that + ^x 1 / 2 + 0(1) < D < \/x + AehP* + O(l) which implies D = 
Jx + 0(c). Therefore, a = D - do and b = D + d leads to f(9) < 1/4 for 
1/4 < 6 < 1/2. Combining this with Theorem Ol we have /(1/4) = 1/4. 



Reason for Coniecture ll.il One speculates that the numbers {y/x + d 2 } 0<d<cx e 
are uniformly distributed (mod 1). Thus, one expects that, for some < do < 
cx e , 

||^ + rf2||«-L. 

Then, for some integer D, 



d o- D \«^e 
\x + dl-D 2 \^- ( X 1 ' 2 - e 

\x - (D - d )(D + d )\ ^ -x 1 / 2 - 9 . 

c 

Now, D = yfx~Tdl + 0{l) = ^/x+0(dl/y/x) = ^x~+0{x 2e ~ 1 ' 2 ) = ^+0(x e ). 
Therefore, a = D - d and b = D + d leads to f(0) < 1/2-0. 

4 Connection to n 2 a (mod 1) 

Hardy and Littlewood [3] conjectured that, for any real a, there exists some 
1 < n < N such that 

||n 2 a|| < — 
II II - N 

for some absolute constant C > 0. H. Heilbronn 0] proved that 
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\n a\\ < e 



N l/2- 



for any e > 0. The current best unconditional bound is due to A. Zaharescu [S], 
who showed that 

By assuming a certain conjecture on twisted incomplete Kloosterman sum, 
Friedlander and Iwaniec proved that 
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for infinitely many positive integers n; and they claimed that, by a similar 
argument, one can get 
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n a « , 

assuming 

Conjecture 4.1. Let a. q > 2 fee integers with (a,q) — 1 and g not a perfect 
square. Let H > 1, K > 1 &e rea/s. Then, for any e > 0, 

Ev-^ fahk 2 
l<h<H0<k<K y y 

« £ (H^K 1 ' 2 + H 3 ' A + K + q- l ' 2 HK + q- x l 2 K 2 )q* 

where (-) is the Jacobi symbol, e(u) := e u and h denotes the multiplicative 
inverse of h modulo q. 

Note: Friedlander and Iwaniec's results are weaker in the sense that they 
lack regularity on the occurrence of n, but they are better and best possible in 
terms of the exponent. 

However, our situation in © is a little different in two aspects: 

(i) we can no longer look at small distance from integers only because of the 
presence of ^fx. Instead, we need the fractional part of 7^75 inside some small 
interval anywhere in [0, 1) (mod 1). 

(ii) Our a = has dependence on the parameter x (and hence N — [x ]). 
Nevertheless, we shall use Friedlander and Iwaniec's method. Due to (i) and 

(ii), we need to assume something more general, namely, 

Conjecture 4.2. Let a, q > 2 be integers with (a, q) — 1 and q not a perfect 
square. Let H > 1, K > 1 and \, ji be reals. Then, for any e > 0, 



l<h<H 0<k<K 
{h,q)=l 

« e (H^K 1 / 2 + H 3 ' A + K + q-^ 2 HK + q- l l 2 K 2 )q* 



5 Gauss sums 



This section parallels section 2 of Let 

G(a,b;q):= £ e(^±^). 

d (mod q) 

Lemma 15.11 and 15.21 are very similar to those in , using properties of Gauss 
sums and Conjecture 14. 21 We shall omit their proofs. 
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Lemma 5.1. Let q be odd, (p, q) = 1, H, K > 1 and X, /i real. We have 
e(fxk) e(Xh)G(hp,±k;q) 

0<k<K l<h<H , , 

« e (q^H^KV 2 + q^H 3 / 4 + q l ' 2 K + HK + K 2 )q\ 

Lemma 5.2. The estimate |3J) of Lemma \5. 1\ still holds if the condition (h, q) = 
1 is removed. 

Define, for < A < 1/2 and h ^ 0, 

. , . . /sin TrAh \ 2 
^):=A(-^-). (4) 

Lemma 5.3. Let q be odd, (p, q) = 1, K > 1, X, ju real and < A < 1/2. We 

have 



e{fik)J2c{h)e(\h)G{hp,±k;q) 



0<k<K h=l 

« £ ^ log |(q 1 /2 K l/2 A l/2 + g l/2 A l/4 + ^1/2^ + R + R 2 A y 

Proof: Let L > 1/A be a parameter to be chosen later. We can split the 
above sum into 



5^ e(|ufe) ^ c(h)e(Xh)G(hp,±k;q) 

0<k<K l<h<L 

e(nk) c(h)e(Xh)G(hp, ±k; q) = Ei + E 2 . 



0<fc<A" /i>L 

Like 0, we apply the trivial estimates 

c(/i) < A _1 /i -2 and G(hp, k; q) q (5) 

to E 2 and get 



oc 



- K I ^ qdh<< XL- (6) 



6 



For Si, we apply Lemma 15.21 and partial summation getting 



l<h<H 0<k<K 



« e c(i)( g 1 / 2 L 1 / 2 A' 1 / 2 + q 1 ' 2 ^' 4 + q 1 ' 2 K + LK + K 2 y 

+ [ L Ic'iHW^H 1 / 2 ^ 2 + q 1 ' 2 ^' 4 + q x ' 2 K + UK + K 2 )dH 



Jl/A n 

as |c'(ff)| <C H~ 2 \ sin (jrAH) |. By simple integration and estimation, one has 
the above two integrals 



« £ q e log L(q^ 2 K 1 ' 2 A 1 / 2 + q 1 ' 2 A 1 / 4 + q 1 ' 2 KA + K + K 2 A) (8) 



Now, we pick L = q/A and the lemma follows from JJJ, Q and JSJ. 

Lemma 5.4. iei {afe}^L be a sequence of complex numbers and f(x) be some 
positive function. If 53/s<if a fc ^ /(-^O f or a ^ K > 0, then 



which gives the lemma. 

Lemma 5.5. Let {afcj-^Q be a sequence of complex numbers and f{x) be some 
positive function. If J2k<K a ke(o"k) <C f(K) for all K > and all real 8, then 
J2k<K a k sin 2 n5k < f(K). 

Proof: Use sin 2 tt^ = ±(1 - cos27r<56>), cos27r56» = |(e(<$0) + e(-<56»)) and 
triangle inequality. 

6 Towards the proof of Theorem 11.41 

Let q be odd and not a perfect square, (p, q) = 1, < A < 1/2 and A be any 
real number. Consider 




(7) 




Proof: By partial summation, 





(9) 
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Lemma 6.1. For q > 2N and N > 1, we have 

1a„,^,J 1 [,,1/2*1/2, NAl/4 , A _l/ 2l1 ?A,JV 5 



^ /g (A,AT) > iA7V+o(gMog 2 |[iV 1 /2A 1 / 2+ ^_ + A (7 1 / 2+ i + ^ + 
Proof: Let 

x + if - 1 < x < 0, 

/(x) := | 1 - x, if < x < 1, 

0, otherwise; 

x/A + 1, if - A < x < 0, 

t(x) := | 1 - x/A, if < x < A, 

0, otherwise; 

oo 



Aq 4 



and 



5*0*0 :=g(x- A). 



Note: /(x) and g(x) are just the same as those in and g\(x) is a shift of g(x) 
to the right by A. Then, one has 

oo 

l + 2^(A,iV)> £ /(£>a(V). (10) 

71 — — OO 

The function (?a has Fourier expansion 

oo 

</a(#) = c(h)e(—Xh)e(hx) 

h— — OG 

where c(/i) is defined by (@J. Using this, the right hand side of (fTUj) 

h= — oo n= — oo 



= r( 

n=— oo /i^O 



for iV an integer and i? being the sum over h ^ 0. Now, we just follow the same 
calculation of applying Poisson summation in . The inner sum of R becomes 

5> £ «(^) E /(£ 

n. (mod g) n=d (mod q) 

^£C(Ap,M)/(^) 
q k q 
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where f(y) — ( sl ^. 7ry ) 2 is the Fourier transform of /. Then 

N ' ""° (") 

=7<£ + £ + £> 

y k<q/N q/N<k<M k>M 

where M = (q/N) a and cr > 1 is some parameter to be chosen later. We apply 
the trivial estimates in JSJl to bound 

<< Af2^P^M2 << AiV 2 M' ( ^ 

By Lemma 15.31 with fi = 0; K = 1 (to deal with fc = 0) and if = g/iV, and 
partial summation, we have 

£ =r^m!r)X £ £«c»w-*»w**«> 

+ o(^log|(g 1 / 2 A 1 / 4 + l)) 

« e <f log |( ? V2 ( | ) l/2 A l/ 2 + (? l/2 A l/4 + 5 1/2| A + ± + ( | )2A) 



0<fc<ti ft,=l 



(/// 



g e log ^(^1/4 + 1) 



q /qA 1 / 2 1/2 A 1/4, 9 <? 3/2 A o g 2 A 



(13) 



Suppose if is a positive integer satisfying 2^--^ = (^) CT = M (hence we shall 
choose K at the end). Let 

a k := ^2 c(h)e(-Xh)G(hp, k; q), 

B{x) := q e log ± (V / V/ 2 A 1 / 2 + ? 1 /2 A i/4 + g i/2 xA + ^ + x 2 ^ ( 
and <5 := iV/g. Applying Lemma |5. 31 to Lemma |5. 51 and then Lemma |5. 41 with 
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these ak and 5, we have 

K 

V (1 

TruN/q 



q/N<k<M i=l 2 i - 1 q/N<k<2 i q/N 
K 



E^-^ >— ^ / sin (ttuN/ q)\ 2 

~ ^ ^ \ ttuN/q ) 

i=l 2*- 

XXI) 

i=l 



a) 2 






I (2«g/iV)2 + 7 2 



< e g e log ^ 



Q log — 



<z l/2 A l/2 ^ g l/2 A l/4 ^ g l/2 A ^ j 



qA 



1/2 



ATi/2 
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(2 i q/N) 3 / 2 (2 i q/N) 2 2 l q/N 2 l q/N 
Aq 3/2 „ „2 



l/2 A l/4 



N 



Putting (H2J, O and (JUJ) into {TTJ, we have 



(14) 



i?« £ gMog|-(X + log^) 



Ar l/2 A l/2 + __ + Ag l/2 + J ■ ' 
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which gives the lemma by choosing K 



q 1 / 2 

_ r Slogtq/AQ l 
— L log 2 J 



N ANM 



7 Completion of the proof of Theorem 11.41 

Let A be any real number. Based on we want to get a positive lower bound 
for 

S* /2VS (A, N):=#{l<n<N: {^n 2 } £ (A — A, A + A) (mod 1)} 

(defined similar to 10) for appropriate choices of A and N. We shall pick 
N = [x e ] and A = l/x e ~ 2e for small e > 0. In the notation of ©, we pick p = 1 
and q = 2[y/x\ + 1 or 2[^/x\ + 3 so that q is not a square. Clearly, (p, q) = 1. 
Thus, 



1 1 

,,2 



< 



/= n 

2y/x q 



n z 1 
< — < 



„l-20 ' 



Therefore, 



provided l/a; 1-29 < A/2. This is satisfied by our choice of A above when 
1/4 < 8 < 1/3 (with e small enough). Now, we apply Lemma ffi. II With our 
choices of A, N and q, one can check that 



JV 1 /2 A l/2 



7VA 1 / 4 
gV2 



Aq 



1/2 



qA TV 5 
~/V~ + Aq 4 



< AJV. 
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Hence, for x large enough, 

Consequently, we can conclude that, for any A, there is some < d < N such 
that the fractional part, {j^:}, lies in (A — A, A + A) (mod 1). In particular, 
when 1/4 < 8 < 1/3, we can find < d < x e such that 



+ 



for any e > 0. By J2J, this implies 



Vx + d 2 



,.40 



,3/2' 



When 1/4 < 9 < 3/10, the second error term is smaller than the first error term 
above. Thus, for 1/4 < 9 < 3/10, there exist integers < d < x e and D such 
that 

1 



\Vx + d 2 -D\ < 
\x + d 2 -D 2 \ < 



e x 



x" c 

l/2-6»+e 



\x - (D - d)(D + d)\ « e , e x 



1/2-0+e 



Note: Z) = Vx + d 2 + 0(l) = V^+0(d 2 /v^) = V^+0( 



2S-l/2\ _ 



) = y/Z+O(x ). 



Consequently, (D — d)(D + c?) is the required integer for our theorem. 



8 9 = 1/2 

So far, we have excluded the endpoint 9 — 1/2. One reason is that Conjecture 
1 1.1 1 cannot be extended to 9 = 1/2. The situation is more delicate. We have 

Theorem 8.1. Let F(x) be a positive real value function such that any interval 
[x — F(x), x + F(x)] contains an integer n with n = ab; a, b are integers in the 
interval [0,Ct/x\ for some constant c > 0. Then 

(logs) - 086 <F(x)<z 1/4 . 

Proof: The upper bound follows from Theorem 11.31 (Note: Assuming Con- 
jecture 14.21 the upper bound can be improved to x 1 ^ 5+€ by Theorem 11.41 ) 
As for the lower bound, let us consider the interval I = [x,2x]. By the 
definition of F, there are 3> x/F(x) distinct integers of the form ab with 
< a,b < cy^2x in I. But, by Erdos [T], there are < c 2 2x/(loga;) Q;+o(1) 
distinct integers from the "multiplication table" of size c\[2x x c\[2x where 
or = 1 - log (e log 2)/ log 2 = 0.0860... . Hence 

x c 2 x 
Fjxj < (logs) - 086 
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which gives the lower bound. 

The situation here is similar to that on gaps between sums of two squares. 
Both best upper bounds, so far, are obtained by elementary means. In fact, one 
may guess F(x) <§C x e for every e > (true under Conjecture ll.lfl . and even 
perhaps F(x) <C (\ogx) c for some C > 0. 
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